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Abstract 

We consider the perturbed harmonic oscillator Tjjip = —tp" + x 2 if) + q(x)ip, ?/>(0) = 
in L 2 (R + ), where q G H + = {q',xq G L 2 (M+)} is a real-valued potential. We prove 
that the mapping q i— ► spectral data = {eigenvalues of Tjj} © {norming constants} is 
one-to-one and onto. The complete characterization of the set of spectral data which 
corresponds to q G H + is given. Moreover, we solve the similar inverse problem for the 
family of boundary conditions ip'(0) =bip(0), b G K. 



1 Introduction 

Consider the Schrodinger operator 

H = -— + x 2 + g(|x|), xGR 3 , 

acting in the space L 2 (IR 3 ). We set x = |x| ^ and assume q is a real- valued bounded 
function. The operator H has pure point spectrum. Using the standard transformation 
u(x) — > xw(x) and expansion in spherical harmonics, we obtain that H is unitary equivalent 
to a direct sum of the Schrodinger operators acting on L 2 (M + ). The first operator from this 
sum is given by 

T D i\) = -<0" + arty + q(x)ij) , ^(0) = 0, x^O. 

The second is — ^ + x 2 + \ + q(x) etc. Below we consider the simplest case, i.e., the 
operator T D . In our paper we assume that 

q G H + = |gGL 2 (M+) : q' , xq e L 2 (R + )} . 
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This class of potentials is convenient to solve the inverse problem as it was shown in [CKK2] , 
which is devoted to the analogous problem on the whole real line. Recall that the complete 
characterization of the set of spectral data that corresponds to potentials q&L 2 is unknown. 

Define the unperturbed operator T d i/j = —tjj" + x 2 tl), tp(0) = 0. The spectrum <j(T d ) 
of Tb is the increasing sequence of simple eigenvalues A 2n+ i = ^2n+i + °(l) ■> n ^ > where 
^2n+i = 4n + 3, n ^ , are the eigenvalues of T D . The spectrum cr(T D ) does not determine 
q(x) uniquely, see Theorems 2.2 and 2.3. Then what does the isospectral set 

lso D (q) ={pG H + : \ 2n +i{p) = A 2n+ i(<?) for all n ^ 0} 

of all potentials p with the same Dirichlet spectrum as q look like? 

We come to the inverse problem. It has two parts: i) to describe the set lso D (q); 
ii) to characterize all sequences of real numbers which arise as the Dirichlet spectra of q G H + . 
In order to describe Isod(<?) , we need "additional" spectral data. Below we consider two 
choices of such data: 

1) The Neumann spectrum a(T/v) of q(x), where T^tp = —ip" + x 2 ip + q(x)ip , ip'(0) =0 . 
The spectrum <r(T N ) is the increasing sequence of simple eigenvalues A 2n = A2 n +o(l) , where 
A° n = 4n+l , n^O . The corresponding inverse spectral problem q i— > {A 2n }^L U {A 2n +i}^o 
is equivalent to the inverse spectral problem on the whole real line with even potentials 
q(x) =q(—x) , x&M. (see Theorem 2.2 and Sect. 3). 

2) The sequence of the so-called norming constants for eigenf unctions of T D . The corre- 
sponding inverse problem is the main point of our paper (see Theorem 2.3 and Sect. 4). 

We also consider the inverse problem for the family of operators {T b } beVL given by 

T b ^j = -if>" + x 2 ip + q{x)ip , ^'(0)=6^(0), x^O, 

see Theorem 2.4 and Sect. 5. Note that the analysis of the whole family {T b }b£R is simpler 
than the case of the fixed constant 6 6 M. It is similar to the Sturm-Liouville problem on 
the unit interval ([IT], [IMT], [RT]). We give the explicit expression of b in terms of spectral 
data in Theorem 2.5. 

Our approach is a generalization of the method applied in [CKK2] and [PT] (devoted to 
the inverse Dirichlet problem on [0, 1]). There is a big difference (see e.g. [GS]) between the 
case of the whole real line and the case of the half-line. The main point in the inverse prob- 
lem for the perturbed harmonic oscillator Tp on IR + is the characterization of "additional" 
spectral data, i.e. the characterization of the set Isooiq) ( see [GS] about the connectedness 
of this set in various classes of potentials). We introduce the standard norming constants 
S2n+\{q) by (2.5), the same way as in [CKK2], [PT]. Unfortunately, we have two problems: 
i) the sequence {s 2n+ i(g)}^ doesn't belong to a "proper" Hilbert space; ii) the eigenvalues 
and the norming constants are not "independent coordinates" in the space of potentials. 

Roughly speaking, the set of all sequences {s 2n+ i(p)}^ , j9Glso_o(g) , essentially depends 
on the spectrum {A 2n+ i(g)}^ . Recall that in the case of the Sturm-Liouville operators 
—y"+q(x)y on [0, 1] with the mixed boundary conditions y(0) =y'(l) = 1 (see [K2]) the eigen- 
values and the norming constants are not independent since in this case we have the identity 

1 More general, y(0) = 0, y'(l) = fcy(l) with any fixed k. 
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similar to (2.10). Note that the dependence between {A 2rH _i(g)}^L and {s 2n+ i(p)}^L is 
more complicated. Therefore, we need an essential modification of the norming constants. 
We define the new coordinates {r 2n+1 }^l by (2.6). The new parameters {r 2n+ i}^L are 
"independent coordinates" and {r 2n+ i}^L e ^3/4 ( see Theorem 2.3). Moreover, the spectral 
mapping q 1— > ({yU 2 „ + i(g)}^L , q(0) , {r 2n+ i(g)}^L ) is a real-analytic isomorphism between 
H + and S D xRx £^ 4 , where 

A„ = A°+/i n , n^O, and S D = {{M~ G W : ^i+^o<A°+/ii< X° 5 +h 2 <. . .}. 

In other words, after this modification we have the spectral mapping with similar properties 
as in the case of the real line [CKK2] and the new parameters {r 2n+1 }^ e £3/4 give the 
correct parameterization of the isospectral manifolds. 

The inverse problem for the family of operators {TJ,}b G R is similar to the case of Tp but we 
need to control the dependence of our spectral data from the boundary constant b e K . Here 
Theorem 2.5 plays a crucial role. It is similar to the case of the Sturm-Liouville operators 
—y" + q(x)y on [0, 1] with the mixed boundary conditions y(0) —y'(l) — , see [K2]. 

The ingredients of the proof of main theorem are: 

i) Uniqueness Theorem. We adopt the proof from [PT] and [CKK1]. This proof requires 
only some estimates of the fundamental solutions. 

ii) Analysis of the Frechet derivative of the nonlinear spectral mapping {potentials} 1— > 
{spectral data} at the point q — . We emphasize that this linear operator is complicated 
(in particular, it is not the Fourier transform, as it was in [PT]). Here we essentially use the 
technique of generating functions (from [CKK2]), which are analytic in the unit disc. 

iii) Asymptotic analysis of the difference between spectral data and its Frechet derivatives 
at q — 0. Here the calculations and asymptotics from [CKK2] play an important role. 

iv) The proof that the spectral mapping is a surjection, i.e. the fact that each element of an 
appropriate Hilbert (or Banach) space can be obtained as spectral data of some potential 
gGH + . Here we use the standard Darboux transform of second-order differential equations. 

The present paper continues the series of papers [CKK1], [CKK2] devoted to the inverse 
spectral problem for the perturbed harmonic oscillator on the real line. Note that the 
set of spectra which correspond to potentials from H + (see Sect. 3 for details) is similar 
to the space of spectral data in [CKK2] . In particular, the range of the linear operator 
f(z) I— > (1— z)^ 1 ^ 2 f{z) acting in some Hardy-Sobolev space in the unit disc plays an important 
role. As a byproduct of our analysis, we give the simple proof of the equivalence between 
two definitions of the space of spectral data which was established in [CKK2] using a more 
involved technique. 

2 Main results 

We recall some basic results from [CKK2]. Consider the operator 

Tip = -ip"+x 2 ip + q(x)ip, q eH even =\qeL 2 (R) : q',xqeL 2 (R); q(x)=q(-x), xER} , 
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acting in the space L 2 (IR). The spectrum cr(T) is an increasing sequence of simple eigenvalues 
given by 

^n(q) = A°+/in(?) , where A° = A n (0) =2n+l, n^O , and /z n (g) ^0 as n^oo . 
Define the real weighted £ 2 -space 

£? = {c={c n }™ =0 : c n eR, \\c\\ 2 e? = j: n>0 (l+n) 2r \c n \ 2 <+oo}, r^O, 

and the Hardy-Sobolev space of functions, which are analytic in the unit disc D = {z : \z\ < 1}: 

= H?(B) = [f(z) = J2n>0 f n^, /» G R , \\f\\H ? = \\{fn}Zo\U?<+Oo}, 7^0. 

Introduce the space of spectral data 

m 



Theorem 2.1 ([CKK2]). The mapping q i— > {/U n (g)}^L is a real- analytic isomorphism 2 
between the space of even potentials tt even and the following open convex subset ofTi : 

S = {{Mn=o e W : A°+/io<A?+^i<A^+/i 2 <. . .} . 

Remark. The inequalities in the definition of 5 correspond to the condition of monotonicity 
of eigenvalues of T: \o(q) < Ai(g) < \2{q) < ■ ■ ■ 

Recall the following more precise representation from [CKK2]: 

Uq) = \° n + fin(q), ^(9) = ^^ +^), fc(?)}r =0 GH„, (2.2) 



where the subspace Ho C H of codimension 1 is given by 

Ho = {^eH : v / T^E„^ n L=i = /(i)=o} • (2.3) 

Remark that Lemma 3.4 yields fi n (q) = 0{n~^ log 3 n) as n-^oo. 

Next we consider the inverse problem for the operator Tp on R + . For each g e H + we 
put q(—x) — q(x) , x ^ . This gives a natural isomorphism between H + and H e?)en . We 
have 

a(T)=a(T D )Ua(T N ), a(T N ) = {A 2n (g)}~ , <x(T D ) = {A 2n+1 (g)}~ . 



2 By definition, the mapping of Hilbcrt spaces F : Hi — > _ff 2 is a local real-analytic isomorphism iff for 
any yGHi it has an analytic continuation F into some complex neighborhood y GU C Hie of y such that F 
is a bijection between U and some complex neighborhood F(y) € F(U) C 7?2c of F(y) and both F 1 F^ 1 arc 
analytic. The local isomorphism F is a (global) isomorphism iff it is a bijection. 



4 



Using Theorem 2.1 and Lemma 3.5, we obtain the following description of the perturbations 
of cr(T D ) and &(T N ) which correspond to potentials g€H + : 

Sd = {Wi(g)}~ > <zeH+} = {{h n }Z d0 eH:\° 1 +ho<\l+h 1 <\° 5 +h 2 <...}, 

Sn = {K(g)}^ 0l9 eH + } = {{Mn=o e W : ^+h <X°+h 1 <\l+h 2 <...} = S D 

(recall that A2 n+1 = A 2n + 2, n^O). It is important that two spectra cr(T D ) and cr(T N ) are 
not independent. The following Theorem describes this relationship between {// 2n+ i}^l an d 

Tn = ^2n _ A t 2n+1 = A 2n ~ A 2n+ i + 2 , 71 ^ . 

Theorem 2.2. (%) TTie mapping q i— > ^{//2 n +i(?)}n^=o > { r n(?)}n^o) ^ s real- analytic isomor- 
phism between H + and £/ie following open and convex subset ofHx £ 2 , 4 : 

{({M~=o,K}~=o) e Wx^| : AS+/io+ro<A?+/io<A°+/ii+ri<A°+/ii<...}. 



(^z) TTie mapping q i— > ^{/X2n+i(°)}n^=o ? { r n(?)}n^oJ ^ s a real- analytic isomorphism between 
H + and i/ie following open and convex subset ofHx £y 4 : 

{({Mn=o,K}n=o) e Wx^f : A°+/i <A?+/io-To<A°+/i 1 <A°+/i 1 -T 1 <...}. 
fmj For each q G H + £/ie identity q(0) = 2 X]«>o T n(o) ^°^ s ^ rue - 

Remark. As in Theorem 2.1, these subsets are open and convex. Inequalities in its definitions 
correspond to the monotonicity of the sequence {A m (g)}^ =0 . 

We now come to the main results of our paper. Namely, we consider the spectrum of To 
and a convenient choice of additional spectral data (coordinates of an isospectral set). As 
a first step, we introduce the norming constants s 2n +i(q). In order to keep the connection 
with the problem on R we use odd indices. We consider the unperturbed equation 

-i>" + x 2 *p = Xtp , AeC, 

and its solutions ip^(x,X) — Dx-i (y/2x) , where D^(x) is a Weber function (see [B]). The 
perturbed equation 

-•0" + x 2 ip + q(x)ip = Xip , AeC, geH+, (2.4) 

has a solution ip + (x,X,q) such that tp+(x, A, q) — (x, A)(l + o(l)) , x — > +oo (see (A. 13)). 
The norming constant (see also [MT], [IT], [PT]) is defined by 



s 2 n+i(g) = — log |^+(0, X 2n +i{q),q) \ = log 



^_^n ^(-,A 2n+ i(g),g) 



V>+(-, A 2 „+i(g),g)J 

where ip is the solution of (2.4) such that ip(0, X,q)=0 and y?'(0, A, g) = 1 . 



n^O, (2.5) 
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The standard identities ^\ = {ip + , ip + }', ip 2 = {(p , ip}' imply 3 

U + (;\ 2n+1 (q),q)\\l = (-iyw D (\ 2n+1 (q),q)e- s ^\ 
\\<p(;\2n + i(q),q)\\l = (-l) n w D (X 2n+1 ( q ),q)e s ^\ 

where 

w D (X, q) = W, 4> + }(\, q) = -^+(0, A, q) = -<(0, A) • J] X ~^^ 

and the entire function i/)+(0, A) — Dx-i (0) is given by (A. 3). 
If q = 0, then the norming constants have the form 4 

4n + i = -log|«)'(0, A° n+1 )| = -log7r-^2™ + ir(n + |) ~ -nlogn, n-oo. 

In many cases 5 , the sequence of eigenvalues and the sequence of norming constants are 
"independent coordinates" in the space of potentials. But, different from most known cases, 
{fJ>2n+i}^=o an(1 { s 2n+i}^o are n °t independent parameters (establishing a real analytic 
isomorphism between H + and some Hilbert space). To find such an isomorphism, we use 
some modification {r 2n+ i}^ of the norming constants {s 2 n+i}^o • This modification is 
not trivial and it uses the discrete Hilbert transform. Namely, we define r 2n+1 (g) by 

s 2n+1 (g) = s° 2n+1 + a 2n+1 - ^i 2n+1 (q)+ ^ 2^-^ + 1 +T2n+1 ^ ' n ^°' (2 ' 6) 

where 

«2n+i = -770V (0, A 2n+1 ) log n, n^oo. 

0+) 

Theorem 2.3. (i) Let gGH + . T/ien {r 2n+ i(q)}™ =0 G^|/ 4 , w/zere r 2n+ i is groen fry ^.^) 
fnj TTie mapping q 1— > ({/i 2n+ i(g)}^ , g(0) , {r 2n+1 (g)}^L ) zs a real- analytic isomorphism 
between H + and x R x £|, 4 . 

Remark. (q(0) , {r 2n+1 (g)}^L ) are "independent coordinates" in the isospectral sets. 

We consider the inverse problem for the family of operators T\,y = —y" '+x 2 y+q(x)y with 
the boundary conditions y'(0) = by(0) , oGlR. Denote its spectrum by 

a(T b ) = {\ 2n (q,b)}™ =0 = {\° 2n +»2n(q,b)}n=o 
(note that \ 2n (q, 0) = X 2n (q)). Then (see (5.2)) 



2 L q(t)dt + 2b 

A 2n (g,fr) = A° n + JR+ _ + /I 2 „M), {/l2„(g,&)}S°eHo, (2.7) 



^ 31 

for (q, b) G H + x H. and, in particular, (J, 2n (q, b) =0(n~^ logs n) , 00 . 

3 Hcrc and below we use the notations ' = d/d\, {f,g} = fg'-f'g, \\ ■ ||+ = || • ||l 2 (r+) > (■, ■)+ = (■> Ol 2 (r + ) • 
4 We use the standard notation / <~ g f = g(l + o(g)) . 

5 Sturm-Liouvillc operators --£s+q(x) on [0, 1] ([PT],[IT],[IMT],[DT], [Kl]) with all types of "separated" 
boundary conditions; perturbed harmonic oscillator — j^+x 2 +q(x) on R ([MT], [CKK2]). 



6 



By analogy with (2.5), (2.6) we introduce the norming constants s 2n (q,b) and the new 
parameters r 2n (q, b) by 



S2n(q,b) = -log|V>+(0, A 2n (g),g)| = log 



(^(■,A 2n (g),g) 
ip + (-,\ 2n {q),q) 



(21 



o , / r \ g(0)-2o 2 1 ^ H2m(q,b) ( ,* , v 

= * 2ra + ^ • ^(g, &) - ^7^— ^ + 2 L 2(n _ m) _ ! + ^(g, 6) , n^O, (2.9) 

where $ is the solution of (2.4) such that i?(0, A, g) = 1 , i?'(0, A, g) = and 

^° 

S L = -log|^+(0, A°J| ~ -nlogn, a 2n = — -± (0, A° J ~ - log n , rwoo. 

r+ 

Theorem 2.4. (%) Let (g, 5)eH + xR. T/ien {r 2n (g, b)}^ =Q e£y 4 , where r 2n is given by (2.9). 
(ii) The mapping (q,b) h- > ({yU 2n (g, o)}^ , g(0) — 26 2 , {r 2n (g, 6)}^1 ) a real- analytic iso- 
morphism between H + x R and 5s xlx £|, 4 . 

Finally, we give the explicit expression of the "boundary" constant b in terms of spectral 
data. Introduce the Wronskian 

w N (X,q,b) =V4(0,A,g) -&V+(0,A,g), AgC. 

Note that the entire function u>at(A, g, 6) can be reconstructed by its zeros {A 2n (g, o)}^L as 

^(A,g,6) = (^)'(0,A).n^#^ ? AgC , 
where the entire function ) / (0, A) = y/2D' x _ 1 (0) is given by (A. 3). 

2 

Theorem 2.5. For eac/i (6, g) GlRx H + £/ie following identity is fulfilled: 

fe _W (-l) w e-W«.») x ( 2w )! 

& -^U^(A 2ri (g,6),g,6) ^-2 2 «(n!)^ 



n^O 



(2.10) 



Remark. In the proof we use ideas from [K2]. 



The plan of the paper is as follows. In Section 3 we recall some results of [CKK2], 
describe basic properties of H and prove Theorem 2.2. Section 4 is devoted to the Dirichlet 
boundary condition at x = (here we prove Theorem 2.3). In Section 5 we solve the inverse 
problem for the family of the operators {Tb}beR (Theorems 2.4, 2.5). All needed properties of 
fundamental solutions, gradients of spectral data and asymptotics are collected in Appendix. 
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3 Preliminaries and proof of Theorem 2.2 

We recall some crucial points of [CKK2]. Let ?/>° be the normalized eigenfunctions of the 
unperturbed harmonic oscillator on R. It is well-known that 

*P° n (x) = (n\V^)^D n (V2x) = (2 n n\^)~^H n (x)e-^ , n^O , 
where H n (x) are the Hermite polynomials. For each n>0 we consider the second solution 

V °M = ( n] \^ \ 1/2 f ImD^-i^i), n is even, 

Xn{ ] V 2 ) [(-lj^ReD^^x), n is odd, 

of the equation —y"+x 2 y = \^ l y, which is uniquely defined by the conditions 

Note that (ipnXn)( x ) ~ (—l) n+1 x as x— >0, and (ipnXV)( x ) ~ — as rr^oo. 
Let s 2m (g) =S2m(q, 0) , m^O . Define the modified norming constants s n (g) by 

s n(q) = s° n + a n fi n (q) + s n (q) , n^O (3.1) 
(recall that s° n = s n (0) , a 2m+1 = -(<)'/«)' (0, A° m+1 ) and a 2m = (°> A ° J , m ^ 0). 

Theorem 3.1. For each potential gGH + i/ie following asymptotics are fulfilled?: 

H n {q) = 2q+ + q +s (n) , s n (q) = g+ + , (3.2) 

/or some absolute constant 5>0, uniformly on bounded subsets ofH + , where 

ft = (?,(€)V ft = (?,«)+• 

Remark, i) This result does not cover the general boundary condition y'(0) =by(0) , 67^0. 
ii) Using Proposition 3.2 and Corollary 4.2, it is easy to see that {q^}^ =0 EH , {?+}~ =0 6'Ho 
for each gGH + . Then, Lemma 3.4 and Proposition 3.3 (i) yield 

= tt" 1 f R+ q(t)dt • (A£)-§ + 0(n"i log^ n) , <?+ = 0(n"i log^ n) , n -> 00 . 

Proof. Let /i n = fi n (q)- We suppose that n is odd, the other case is similar. Repeating 
arguments of [CKK1] Lemma 4.2 and using Rouche's Theorem, we obtain fi n (q)=0(n' 1 ^ 2 ) . 
Note that the value fi n is the solution of the equation ip+(0, A°+/z n , q) —0 . Due to estimates 
from Corollary A. 3 and asymptotics (A. 15), we have 

V>+(0, X° n +fi n ,q) ip { +\0, X° n ,q) + k n • /x n 2 
l) = : = : h (J[n log n). 

ft n ft™ 



6 Here and below a n = b n +£^(n) means that {a n — b n }%L € ^ . We say that a n (q) = b n (q)+£^(n) holds 
true uniformly on some set iff norms \\{a n (q) — b n (q)}^ =a \\ e 2 are uniformly bounded on this set. 
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Hence, Lemma A. 6 (ii) gives /j, n = 2<?+ + 0(n 1 \og 2 n). Let ^ = 2<?+ . Using the similar 
arguments, we obtain 

= ±- + ^ + ^° + -Hn + ^ ■ rf> + f (/W) (0, A° , q) + 0(n-§ log 3 n). 



Together with Lemma A. 6 (ii), it follows 

'2k' n k n 



= ft - ft ft + ft + ^ ft) • 2ft - ^ (ft) 2 + 
ft + f^T " J 1 ) • (ft) 2 + = ft + 4 2 + », 

\ K„ K„ / 4 4 



where we have used (A. 16). 
Furthermore, we have 



e 



,o_,„ (a) = MKtoU) = l _ i: + £. lht+ l {i+a y_^ {tr 



n n 



Hence, 



I \ v, k! n fk' {k'J 2 7T 2 \ {^n f n2 , , 



k' 



where we have used (A. 16). This yields the second part of (3.2) in view of (3.1). □ 



Below we need some special representation of the sequences {ft}^ an d {ftl^o • Define 
the functions 

Note that the system of functions {^2m\m=o * s the orthogonal basis of H e „ en , i.e. the 
orthogonal basis of the space H + , while the system {4>2m+i}m=o * s ^ ne orthogonal basis of 
its subspace H° = {g€H+ : g(0)=0} C H + . 

Following [CKK2], for each q £ H + we define two (analytic in the unit disc D) functions 

where 

j? ( 2fc ) ! -U-i 
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Note that F + q , G + q G Hh 4 for each q G H + . Moreover, the mapping q i— > F + g is a linear 
isomorphism between H + and H^, 4 , while the mapping q \— > G + g is a linear isomorphism 

between H° and # 3 2 /4 . Recall that <?+ = (g, (^n) 2 )+ and ft = (<7, , n^O. 

Proposition 3.2. For each q<E~H + the following identities 7 are fulfilled: 

£i+^™>, £^P + [«>], , 6D , (3.4) 
(F+q)(l) = (2n)-U q(t)dt, (F + q)(-l) =2"^(0) . (3.5) 



Remark. Here and below we put (P + f)(z) = ^ iifi=i ^g-f^ f° r an y /^-^C^) an d z£E>- 111 
particular, the identity (P + X)n=-fc c «C n ) (z) = El=o c « ,2n holds true for any c n G C . 

Proof. Identities (3.4) were proved in [CKK2] (Propositions 1.2 and 2.9). Also, in [CKK2] 
it was shown that 



/ ^2k(t)dt = (2tt)* 



2k( X ) ? X ^ 



in the sense of distributions, which gives (F + q)(l) = (2rc) 2 J R+ q(t)dt . Furthermore, 

2 1 / 4 ff 2fc (0) = /2xV4 
vv /?2 2fe (2A;)!) 1 /2 

in the sense of distributions. Together with (3.3), this implies (F + q)(— 1) = 2~^ ■ ^ . □ 



Emphasize that definition (2.1) of the space H is directly motivated by Eq. (3.4). The 
following Proposition gives the basic properties of H , H (see [CKK2] Lemmas 2.10, 2.11). 



Proposition 3.3. (i) For each {h n }^ =0 EH there is a unique decomposition h n = —j= + h 



(o) 

where v = (n/2)~^ y/\—z Ylt,=o h n z n \ z= i and {hn^}™ =0 G H ■ The mapping h 1— > (v, h^) is 
a linear isomorphism between H and R x Ho . If h = {q^}^ =0 , then v = ir~ 1 f R q{t)dt . 
(ii) The set of finite sequences {(ho , ■ ■ ■ , hk , , , . . .), k^O , hj<E~R} is dense in Ho . 
(Hi) The embeddings £^, 4 C Ho C l\u are fulfilled. 

Remark. Since HoC£y 4 , the sequence of leading terms {v/ a/A^ }^ doesn't belong to Ho ■ 
The next Lemma gives the O-type estimate for elements of Ho ■ 

3 1 

Lemma 3.4. Let /i={/i n }^L G7i ■ Then h n = 0(n~i log2 n) osn^oo. 



7 We write f(z) = g(z) iff the identity f(z) — g(z) holds true for all zGl 
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Proof. The proof is similar to the proof of Lemma 2.1 in [Ch]. Definition (2.3) of 7Yq yields 



E ^ w = Ek ^- Z . {Mr=o^3 2 / 4 , £/*=/(i)=o. 

Recall that (1 — z)~^ =J2 m ^o E m z m ■ Hence, 

n n oo 

h n = E E n ~kfk = E(^ n ~ fc ~ E n )fk — E n E fk ■ 

k=0 k=l k=n+l 

It is easy to see that E n = 0(n~^) and E n _ k — E n = 0{kn~ l {n — k + l)~?) . Therefore, 

oo +oo -yj2 +oo 

^E/^ £ »(E rf ) (E* s im 2 ) =0(n"i), 

fc=n+l fc=n+l fc=n+l 

" n 7 1 1/2 ra 1/2 

|E(^-*-^|<(E°( w 2 fw _ a fc + n )) (5> § IM 2 ) =0(n"f login), 
fc=i fc=i v ' fc=i 

where the inequality Ylt=i k^\fk\ 2 <+°° nas been used. □ 

In order to prove Theorem 2.2 we need 

Lemma 3.5. (i) Let h = {h n }™ =0 G H ■ Then h N = {/i 2 n}^° = o , h D = {h 2n +i}n=o e K and 
A h = {h 2n - h 2n+1 }™ =0 G £ 2 /4 . 

(ii) Both mappings h t— > (hx , a/i) ; h i— > (/id , a/i) are isomorphisms between H and Ti x ^ 4 . 

Proof, (i) For 2GD denote = Xlrt>o ^i- 2 ™ > ^(2) = En^o ^2n-2 n and so on. By definition 
of H, we have 

h N (z 2 ) + zh D (z 2 ) = h(z) = ^= , feH 2 3/4 . 



Then, 

/itv(z 2 ) = J ^== , where /^(z 



2 , ./..vv~ / /(-.Iv'T - ! • /( ;)sfY=l 



fN 


> 2 ) 






fo 


> 2 ) 


y/1 


-z 2 



hD{z >) = Aj^4, where / D (z 2 ) = ^'^'JH^ ^ (36) 

Iz 

Due to vT±z G H^, 4 , we obtain /jv , fr> , &h G / 4 , and hence hx , h^^'H ■ 
(ii) By definition of 7Y, the mappings /i i— > / , Hn i— > /at and hp f D are isomorphisms 
between 7i and #3/4 • We show that both mappings / 1— > (/jy , a/i) , / 1— > (/ D , a/i) are 
isomorphisms between if|^ 4 and if|^ 4 x if|/ 4 . Indeed, due to (3.6), the direct mappings are 
bounded. On the other hand, identities 

f(z) = f D (z 2 )Vl+~z + Ah(z 2 )VT^z = f N (z 2 )VT+z~ - Ah(z 2 )zVT^z 

follow that the inverse mappings are bounded too. □ 
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Proof of Theorem 2.2. Theorem 2.1 and the second part of Lemma 3.5 give that both 

mappings q i-> ({/i 2 „+i(g)}^ =0 , K(g)}~ =0 ) and 9 ^ ({^2n(?)}~=o , K(?)}~=o) are real " 
analytic isomorphisms. We show that g(0) = 2^ n>0 r„(g). Proposition 3.2 yields 



^2n ^n + l)- ~ 4 • [3.7) 



(F+q)(z) g(0) 

l2n ^2n+l) ~ 

Hence, it is sufficient to check that 

J2(^n(q) - 29+ ) = , 5>2n+i(g) ~ 2^n + i) = (3.8) 

n>0 rt>0 

(note that these series converge due to Theorem 3.1). Below we prove the first identity, the 
proof of the second is similar. 

Put q(— x) = q(x), x ^ , and consider the harmonic oscillator on R perturbed by the 
potential q(x) . The perturbation theory (see e.g. [Ka]) yields 8 



<9A 2n (g) , 2 / \ di/j 2n{x,q) , , s ip m {y, q)ip m {x, q) 



where ip m (t, q) , m^O , are the normalized eigenfunctions of the operator T. 
Therefore, 

/i 2re (g)-2g + n = ^ (g,-02n( S ?)) L 2 (K) ^ - ^ 2n = f Q (^^2„( S ?)-(^2n) 2 )) L 2 (R) ^ 

and s 

(g(x),V 2 2 „(x,sg)-(^ 2 ° n ) 2 (a;)) L2(R ^ = ^ (g(x) , j^lfc, ^)) L2(R ^ 

= f (q(x) , 2^(x, tg) ■ (q(y) , tg) £ ) dt . 

Jo V V X 2 n{tq)-X m {tq) JLHR,dy) JlP(R,dx) 

Tri-f—£YL 

Since (g, (^2n^2m+i)(-, ^))l 2 (m) = for an y rc,ra^0, we have 

^(/i 2n (g)-2g+) = 2 / ds ^ ^ dt. 

Let 

A ^ (g, (^n^m)^))^^) _ A (?, (^2n^2m)(*9))?,2 (R) 



n=0mWn A 2n (tg)-A 2m (tg) ^ m tT +1 ^n(tg)-A 2m (tg) 

Using Lemma A. 7 and the estimate |A 2n (tg)— A 2m (tg)| ^c{m—n) for some c>0 and m>n^0 , 
we obtain S^ — >0 as k^oo , which yields Xln>o(A t 2n(g) — 2g 2 f r J = . □ 



3 Here and below d£(q)/dq = ((q) means that for any v£L 2 the equation (d q £)(v) = (v, Q)l2 holds true. 
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4 Inverse problem for the operator Tp 

We begin with the connection between two functions F + q and G + q (given by (3.3)) for fixed 
q G H + . Recall that the system of functions {^>2k}T=o * s a basis of H + . Therefore, it is 
possible to rewriteG + g in terms of F + q. For C^T, (j^— 1 , we put VC = Ve^—e^ , where 
£ = e^, (f)E (— 7r, 7r) . We have the following identity in L 2 (T): 

1 = 2^(-iy , 

V? 7T ^ 2Z+1 S S V ^ 

(=— oo 



Lemma 4.1. For eac/i gGH + i/ie following identity is fulfilled: 



(4.2) 



Proof. We determine the coefficients of the function ^m+i with respect to the basis {ip2k}k?=o- 
The standard identity {ip% k ,^ m +i}' = (^r4+i)AC+i , yields 



( . _ » A + i}(o) _ ^ 2 fe (o)(^° m+ i)'(o) 



AS^i-^ 2(2(m-*) + l) 

Note that 

,,o rm _ ^(0) _ (-l) fc 2 fc (2fc-l)!! _ /- 

™ ' ( v ^F2 2fe (2A;)!) 1 /2 ( v ^2 2fc (2A;)!) 1 /2 ^1/4 V k, 

UP Y(0) - ^ m+ i(0) _ (-l) m 2^(2m + l)!! (-1)"^ / — — — 

l%m+ljlj ( v ^2 2m + 1 (2m + l)!)V2 ( v ^F2 2 -+ 1 (2m+l)!)V2 ^1/4 V^+^m- 

Therefore, 

~ ~ ]_ 
Since ||'02fell+ = \ ■> we obtain 



It gives 



V(2m+l)E m V 7T ^2(m-fc) + l 



P H vc ) = ^ p+ {^ 2m ( ■2^VE k (Q^2 k hC 

V S Z=-oo fc=0 

__2 1/4 ±2^ (g,^ m +i) + m _ 2 



7T 



3/4 



m=0 



^/(2m + l)E m " 



where definition (3.3) of the functions F + g and G + q has been used. □ 
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We should mention that Lemma 4.1 gives the simple proof of [CKK2] Theorem 4.2 about 
the equivalent definition of TLq . Following [CKK2] , we introduce the linear operator 



W)(z) = P^ 



/(C) 



= p^ 



i-C 



7 /(C) 



feL\T) 



(4.3) 



Let 



H 2 3/i = {feHU:f(l)=0}CH 



'-3/4 



3/4- 



Corollary 4.2. (^ T/ie operator A : #3/4 — > #3/4 and ife inverse are bounded, 
(ii) The following equality is fulfilled: 



H 



n>0 



(4.4) 



The norms ||/i||^ and ||(?||#2 are equivalent, i.e. C\\\g\\ H 2 ^ ^ Calls' I In 2 for any 

3/4 3/4 3/4 

g G #1/4 and some absolute constants C\ , C2 > 0. 

Remark. This equivalence was proved in [CKK2] using different and complicated arguments. 

Proof, (i) Recall that the mapping q 1— > (G + g)(— z) is a linear isomorphism between and 
Hy 4 . Also, due to the identity (P + g)(— 1) = 2~ 3 / 2 g(0) (see Proposition 3.2), the mapping 

o 

q I— > (F + g)(— z) is a linear isomorphism between H° and #3/4 • Therefore, the mapping 



f(z) = {F + q){-z) » q » {G + q){-z) = -| P + 



(F + q)(-C) 



= Af(z) 



is a linear isomorphism between #3/4 , H+ and respectively. 

(ii) If geHl /4 , then go ( z )=g( z )- g (l)eHl /4 and 80 lfl-o(C)l ^C|C-lj 1/4 , ICI = 1, for some 
constant C > . Hence, the following equivalence is valid: 



& P + ( V / W^^C n ) =^(1)+^)=^), 

where P^f = f—P + f is the projector to the subspace of antianalytic functions in D. There- 
fore, the equation 



00(2) 



5o(C) 



/(*) 



n>0 



P^ 



5(0 



v / W J 



, where f<EH 2 3/4 , g£H 2 3/4 , 



is equivalent to g(z) = (Af)(z) . Then (i) follows (4.4). 



□ 
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Consider the linear terms in asymptotics (3.2). Due to Lemma 3.5, the identities 



n>0 



2 ^. s »>, where 

Vl — 2; 2 



2n+l 



,».(^)W, where (F D9 ) (i >) - (^W^- (^ 9 )(-*)^ 



hold true. Note that 



22 



Vl + 2 



(4.5) 



Lemma 4.3. For each q G H + there exists functions G^q ,Gpq € #f/ 4 snc/z £/iai £/ie following 
identities are fulfilled: 



£ 3+ +1 z n = p, 



(G D q)(C) 



n>0 



Moreover, 



(G N q)(z) = ~(F D q)(z), (G D q)(z) = ~ (S*F N q)(z) , zeB, 



where (S*F)(z) = P + [( ■ F(()] is the "left-shift" operator. 
Proof. Define the function 



(G N q)(z) = P + Vl-CE^nC" 



n>0 



z e D. 



It gives 



+ 



(GW?)(C) 



n>0 



n>0 



On the other hand, we have 



E« 



+ r 2n 



(G + <?)(C)l , n r(G + g)(-C) 



+ P- 



+ 



\/i+C 



Therefore, 



(G^)(2 2 ) = -P + Jl+C- (G + g)(C) + a/1-C- (G + g)(-C) 



Lemma 4.1 yields 



7T 



(G Jv g)(^) = --P. 



rv^+c 



(^)(0 



(^)(-C) 
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Due to (4.5), we obtain 



7T 



(G N q)(z*) = -- P. 



+ 



7T 



= -'-{F D q){z*) , 



where we have used the identities 

=— ; = = - , C^ - 1, and ■ = — — 

The proof of the identity (G D q)(z) = — | -P+ [C • (-FVzXC)] is similar. 



i-C 



□ 



Proof of Theorem 2.3 (i). Recall that Theorem 3.1 gives s 2n +i(q) = Qtn+i + H + g( n )i 
which yields 

Lemma 4.3 implies 



n>0 



(G D q)(() 



7T 



+ W («) = --P + 



(*V?)(C) 



C\/W J 



Since (F N q)(z) = VT^E m> o^ m and v ^/C)/K = -l/v^ 1 Ct^, we obtain 

J>n + l(^" S |P + UL=£ + ^) • (4.6) 

n^O ~ V S m ^ 

Let 



Note that Lemma 3.5 yields AHq e i?|y 4 and Theorem 3.1 gives 

Vt m z m = (AHq)(z) + J2^ m+ iZ m = (AHq)(z) + lj2^rn + i(q)z m +u; 1 (z) , u^Hl 



+s 



m^O m^O 

o 

Moreover, (3.8) yields UiEHl, s . Substituting the last identity into (4.6), we have 



n>0 



1 



m>0 





r(^9)(C)i 







+ ^2(2) , 



where o; 2 (z) =<^(^) + f P+ [^i(C)/v / -C] since tlie operator A ■ H% +s — > given 



by (4.3) is bounded 9 . 



3 The proof repeats the proof of [CKK2] Theorem 4.2 or Corollary 4.2 in the present paper. 
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Furthermore, denote values <?+ by 



& q " z = 2 F + 1 t=? J = 2 F+ h/^-J " I - F+ W ■ (47) 



where we have used (3.7). Note that }^Lo e ^|/4 > sm ce the operator A '■ H\/ 4 — > H\/ A is 
bounded (see Corollary 4.2). Summarizing, we obtain 



s 2n+i(q)z n = jP+ [77=^ J] AWi(5)C 



n>0 



m>0 



, ^(0) 



V S n>0 



LV 2 {Z ■ 



Since = f Et°!ooC7(2/+l), it implies 



S2; 



, N _ 1 V- /*2m+l(g) 5(0) 



2^2(71-771) + ! 4(2n+l) 



+ r 2n+1 (g), r 2n+1 (g) = g+ + £| +<5 (n). (4.8) 



In particular, {r 2n +i(q)}n=o G £ 3 2 /4 . 



□ 



Remark. Due to definition of F + q and Lemma 3.5, the mappings q 1— > F + g 1— > (Fpq , AHq) 
are linear isomorphisms between H + , ff|, 4 and if|/ 4 x if|, 4 respectively. Since the operator 

o 

A : if 3 / 4 — > if 3 / 4 and its inverse are bounded (see Corollary 4.2) and due to definition (4.7) 
of 9+, the mappings 

±Hq~((*Hq)(0);iJIq-(AHq)(0)) ~ ((*#?)(()); £^ ft* B ) , 

o 

are linear isomorphisms between if 3^ , R x if ^ 4 and R x if ^ 4 . Therefore, using the identity 
(Aifg)(0) — \ q(0) , we obtain that the mappings 



q ~ (F D q ; AHq) » + iKT=o ; q(0) ; {?+}~ ) , 

H + <-> if 2 /4 x ff 2 /4 <-> Kxlx £ 3 2 /4 , 



(4.9) 



are linear isomorphisms. 

Proof of Theorem 2.3 (ii). Consider the mapping \1/ : H + — > <Sd x R x ^ 4 , given by 



2n+l (g)}^=o^(0),{r 2n+1 (g)}^ 



' 



which maps potential to spectral data. The proof given below consists of four steps: 
1) ^ is injective; 2) ^ is analytic; 3) ^ is a local isomorphism; 4) \1> is surjective. 
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1. Uniqueness Theorem. The proof repeats the case of the whole real line [CKK1]. Let 

({v 2n+1 (p)}™ =0 ,p(0),{r 2n+1 (p)}™ =0 ) = ({^ 2n+1 (q)}^ =0 ,q(0),{r 2n+1 (q)}^ =0 ) , 

for some potentials p, gGH + . Note that it gives 

A 2 „+i = A 2 „+i (p) = X 2n+1 (q) , s 2n+ i = s 2n+1 (p) = s 2n+1 (g) , n ^ . 

Recall that ip(x, A, q) is the solution of Eq. (2.4) such that y?(0, A, q) — , y?'(0, \ q) — 1 ■ 
Define functions 



/i(A;x,g,p) = Fl A, ^ ,g,P ; Fi(A;x,g,p) = y>(x, A,p)^+(x, A, g) - \,p)(p'(x, A, g) , 

Wd(A, gj 



f 2 (X;x,q,p) = F * A ' ^' g ' P , F 2 (X;x,q,p) = ip(x, X,p)ip + (x, A, g) - A,p)</?(x, A, g) , 

w D (A,g) 

where 

^d(A, g) = {y?(-, A, g) , A, g)} = -^+(0, A, g) . 

Both functions f\ , / 2 are entire with respect to A. Indeed, all roots A 2n+ i(p) = A 2n+ i(g) 
of the denominator %(■, g) are simple and all these values are roots of the numerators i*\ , 
F 2 , since the definition of norming constants yields 

<p(x, X 2n+1 , q) = e S2n+1 ■ ip+(x, X 2n+1 , g), ip(x, X 2n+i ,p) = e S2n+1 ■ tp+{x, X 2n+1 ,p) . 

Standard estimates (see Lemma A. 2 and asymptotics (A. 7)) of (p and ip + give 

f 1 (X;x,p,q) = 0(l), f 2 (X;x,p,q) = 0(\X\- 1 / 2 ), \X\ = X° 2n ,, n'^oo. 

Furthermore, the maximum principle and asymptotics of j\ as A^— oo implies 

f 1 (X;x,p,q) = l, f 2 (X;x,p,q) = 0, AgC. 

This follows ip(x, X,p) = ip(x, A, q) and ip+(x, X,p) = i/)+(x, A, g), i.e. p — q . □ 

2. Analyticity of \P. Recall that for some 5 > the following asymptotics are fulfilled 

(see (3.2) and (4.8)): 

AW(<Z) = 2^ n+ i + £l +s (n) , r 2n+1 (g) = g+ + £l +s (n) . (4.10) 

Let H + c be the complexification of the space H + . Due to Lemma A. 4, for each real potential 
g G H + all spectral data /i 2n+ i(g) , s 2n+ i(g) , n ^ 0, extend analytically to some complex 
neighborhood Q C H +c of q . Repeating the proof of (4.10) we obtain that these asymptotics 
hold true uniformly on bounded subsets of Q . Note that Lemma A. 4 gives 

= ^2n+l(*. Q) > g q ^ = (^2n+lX2n+l)(*, ?) , (4-11) 

where ip 2n+ i(-,q) is the n-th normalized eigenfunction of To and x 2n+ i(-,g) is some special 
solution of Eq. (2.4) for A = A 2n+ i(g) such that {x2n+i ,V ; 2n+i} = l • In particular, 

(^2n+lX2n+l) (t,q) ~ t , t->0, (^2n+l*2n+l) (t, ?) ~ -t~\ t^+OO. 
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Let 

* = *o + *i, *o:q^ ({2?+ + i}^=o;?(0) ;{?+}~ o) , *i *o? ■ 

As it was shown above (see (4.9)), the linear operator \l/o is an isomorphism between H + 
and 7i x R x £g^ 4 . In particular, \& is a real-analytic mapping. Consider the second term 

*i :^(k + i(?)-t + i}:=o;0;K + i(?)-?:): ) , 

: H + -> ^ xlx . C H x R x £ 3 2 • 

4+° 4+° 4 

Each "coordinate function" fj, 2n +i(q) — 2<?^ ra+1 > r 2n+i(<?) — i s analytic and the mapping ^ 
is correctly defined and bounded in some complex neighborhood of each real potential (since 
(4.10) holds true uniformly on bounded subsets). Then, is a real- analytic mapping from 
H + to if xlx t\ . Hence, * = ^ + ^i is a real-analytic mapping. □ 

4' 

3. Local Isomorphism. Since \P is analytic, the Frechet derivative d q ^ : H + — >7ixRx£|, 4 
is bounded for each gGH + . We need to show that (dg^/)" 1 is bounded too. Note that the 
operator 

d q ^ 1 : H+ -> ft x R x i\ 

4 

is compact since it maps H + into l\ x x R x t\ x and the embedding t\ x C £| is compact. 

4"r" 4 4' 4 



Therefore, 

= d q V + d q ^! = + : H+ -> ft x R x £| 



4 

,-1 



is a Fredholm operator (due to (4.9), the inverse operator \l/ is bounded). By Fredholm's 
Theory, in order to prove that (c^) -1 is bounded, it is sufficient to check that the range 



Randgty is dense: 



ft x R x £ 3 2 /4 = Rand ? * . (4.12) 
Due to Lemma A. 5 (i), for each q e H + the following standard identities are fulfilled: 

((^L+l) / (?)»^L+l(?)) + = °> ((^2n+l)'(9),(^2m+lX2m+l)(g)) + = § S mn , 
((V , 2n+lX2n+l)'(g), (^2m+lX2m+l)(g)) + = 0, 71,171^0. 

Using (4.11) and (4.13), we obtain 

[ 2 W2n+l> (?) , ^ J + = , ^(^n+l) (?) , 7^ J + = <W • 

Note that (V'L+i)^') ?)^H+ and (■02n+i)'(O> ?) = ■ By definition (2.6) of r 2m +i(g) , we have 



/«/ ,2 W n ^2m+l(g)\ x 
(2(^2n+l) (?) , ^ )= * 
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Hence, 

{dJSF) (2(^ 2 n+ i) , (-,g)) = (0;0;e ny . 

where = (0, 0, 0, . . .) , e = (1, 0, 0, . . .) , ei = (0, 1, 0, . . .) and so on. Therefore, 

{(0;0)} x £| /4 = {(0;0;c) : cGl 3 2 /4 } C R^f. (4.14) 

We come to the second component of (d q ^/)C, , i.e. to the value £(0) . We consider the 
lowest eigenvalue Xo(q) of the operator Tn (with the same potential q) and the function 

at) = (^y(t,\ (q),q), tER. 

Note that £(0) = 1 and asymptotics (A. 13), (A. 14) give (GH + since $(•, A (g), q) is propor- 
tional to Xo(q), q) . Moreover, since ip(0, Xo(q), q) = V , 2m .+i(0, q) =0 , we have 

(t dfl 2m +l{q) \ _(t ,2 < \\ -{^2m+l , y}{^2m+l , #}(0, Ap(g), g) _ 

9g 2(A 2m+1 (g)-A (g)) 

Hence, 

(^*)e = (0;l;(^r)0, where (d g r)Z = { , ^ e £ 3 2 /4 . 

Together with (4.14) this gives 



{0}xlx q /A c Rand 9 tf . 

Furthermore, we consider the functions — 2(ip 2 m+iX2m+iY (q) £ H + (see asymptotics 
(A.13), (A.14)). Identities (4.11), (4.13) and (VWiX2m + i)'(0, q) = 1 give 

) (-2(^2m+iX2m+i) / (g)) = (e m ; -2 ; (d,r) (-2(VwiX2m+i)'(<7))) • 

Due to Proposition 3.3 (ii), the set of finite sequences is dense in Ho- Therefore, 

H xRx £ 2 /4 C Rand^ . (4.15) 

In conclusion, we consider an arbitrary function C^H + such that f R £(t)dt^0. Proposition 
3.3 (i) follows 

(d q ^)( £ H x R x £ 3 % . 
Together with (4.15) it yields (4.12), since the codimension of 7i in H is equal to 1. □ 

4. ^ is surjective. We need 

Lemma 4.4. Let gGH + , n>0 andieM. Denote 

d 2 f + °° 
QL+i( x ) =Q(x) -2—logr] t 2n+1 (x,q), rf 2n+1 (x, q) = 1 + (e*-l) y ?)ds . 

TTien <? 2n+1 e H + and 

A2m+l(<? 2ri+ i) = A 2m +1 "S2m+1 (w) — S2m+1 (g) + £<5 m „ 

/or all m^0 . Moreover, g 2n+1 (0) =o (0) ■ 

Remark. By definition (2.6), we have r 2rn+ i(g^) = r 2m+ i(g)+t^ nm for all m^0. 
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Proof. This Lemma is similar to [CKK2] Theorem 3.5 and can be proved by direct calcula- 
tions using the so-called Darboux transform of second-order differential equation (see also 
[MT], [PT]). Note that 

vL + i(x,q) = e t -(e t -l) [ ^ 2 2n+1 (s,q)ds = e l + 0(x 3 ) , x[0. 

Jo 

This implies g* n+1 (0) = g(0) . □ 

We consider an arbitrary spectral data (h*; u*; c*) G 5d x R x . Due to Theorem 2.2, 
there exists a potential q* GH + such that 

/^2n+i(g*) = K, n^O , and q*(0) = 2^ n ^ r n (<f) = u* . 

It gives 

(h*;u*;r(q*)) G *(H+) , where r(<f) = (n(g*) , r 3 (q*) , . . .) . 

Due to Proposition 3.3 (ii), for each e>0 there exist a finite sequence t £ = (ti , ... , t 2 k-i , , ...) 
such that 

\\(c*-r(q*))-t £ \\ = \\(c*-t £ )-r(q*)\\<e. 
Since \P is a local isomorphism, for some e>0 we have 

(h*;u*;c*-t £ ) = (h*; u*; (cj-*i , . . . , c\ k _ x -t 2k ^ , c* 2k+1 , c£ fc+3 , . . .)) G *(H+) . 

It means that (/i*; u*; c* — t £ ) = ^f(qk) for some q k G H + . Using Lemma 4.4 step by step, we 
construct the sequence of potentials qj G H + such that 

Qj-i = (ijfij-l , j — k,k — l,...,l, 

= (^*; M *; ( c *-*i » • • • » c 2j-i-^-i , t^j+i , c; i+ 3 ,...)) . 

Then, ^{q ) = {h*;u*;c*) . □ 

5 Perturbed oscillator on R + , general case 

In this Section we consider the family of self-adjoint operators {TtjtgR given by 

T b y = -y" + x 2 y + q(x)y , y'(0) = by (0) , q G H + . 
We begin with asymptotics of spectral data. Recall that 

w N (\,q,b)=i(/ + (p,\,q)-tn(> + (0,\,q), AgC. 
Due to standard estimates of ip + , fp' + (see Lemma A. 2 and asymptotics (A. 7)), we have 
w N (X, q, b) = (^)'(O, A) • (1+OdAl- 1 / 2 )) , |A] = X° 2k+1 , k^oo. 
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Repeating arguments of Lemma 4.2 [CKK1] and using Rouche's Theorem, we obtain 

\2n(q,b) = \° 2n + fi 2n (q,b) , H2n(q,b) = 0(n~ 1/2 ) , n^oo, 

uniformly on bounded subsets of (q, b) G H + x R . 

We define the modified norming constant s 2n ((7, b) by 

S2n(q,b) = s° 2n + a 2n /j, 2n (q,b) + s 2n (q,b) , n^O, (5.1) 

where s° 2n = s 2ri (0, 0) and a 2n = -ipl/ipl (0, A§J . 

Theorem 5.1. For each (q;b) G H + x R and some absolute constant 5 > the following 
asymptotics are fulfilled: 

»2n(q, b) = 29+ + ^ b + £i +s (n) , s 2n (q) = & + ^ b 2 + £l +s (n) , (5.2) 
uniformly on bounded subsets o/H + xR . 

Remark. Recall that E n = 2~ 2ri (2n)!/(n!) 2 = 7r - 3n-3(l+0(n -1 )) , n->oo. 

Proof. Let A 2ra = A 2ra (g, ft) and /i 2n = fJ-2n{q,b). We use arguments similar to the proof of 
Theorem 3.1. Due to Corollary A. 3, Lemma A. 6 (i) and asymptotics (A. 15), we have 

^(o.AU^.g) = _ 2 ^ n+/i2ri+0(n -i log2n) , jMMU^ = l+0{n -k logn) . 

Since (ip' + — b^ + )(0,\ 2n +fj, 2n ,q) = and « 2n = 0((A 2r J _ ^K/ 2r J (see (A. 15)), we obtain 

fi2n = 29+ + ^ ft + O^ 1 log 2 n) = 2?+ + ^ b + O^ 1 log 2 n) . (5.3) 



K 2n " V 71 " 

Let i^ 2 l = 2q 2n + 2it~^ E n b . Using Lemma A. 6 (i) again, we see that 

f^s^A = _ 2 $+ + fe + 2 j i& _ . ^ + jk + tJ (n) 

K 2n V K 2n 7 ^ 2 „ 4 

and 

^Mi^j) = 1 - & + ^ ^ + log 2 „) . 

K 2n ^2n 

Substituting these asymptotics into the equation (ip' + — btp + )(0,\ 2n +fi 2n ,q) = 0, we obtain 

(!) /K 2 „ k' 2n \ , (1), 2 , «2 / \ (1) , c 2 ( \ 

\K 2ra ZK 2ra / 4 4 

We come to the second part of (5.2). Due to Lemma A. 6 (i), we have 

- - 1 ^2n "T ^ P2n "I" Q o 

^2n ^2n ^ ° 

/_^2n v + 7T 2 A + \ (1) «2n / (l)x 2 , ,2 / n 



2n 
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Therefore, 

,( 1 )x2 ,v- i-1 ™-2 N ^ , , (1) 



,0 , (nh) _ -+ ,K 2n 7T/a + fl^V /K2,, 7T \ (/4^P 2 



«2n ° 4 

This asymptotic is equivalent to (5.2) due to definition (5.1) of ti 2n (q, b). □ 
Lemma 5.2. Let (q, b) GH + x K. . T/ien i/ie following identity is fulfilled: 

J2(»2n(q,b)-2qtn-^- 1/2 E n b) = ~. 
Remark. This formula generalizes the first identity in (3.8). 

Proof. We put q(—x) — q(x) , x^O , and consider the following symmetric potential on R : 

^(z) = g(x) + 26 • . 
Then (formally) we have A 2n (g,5) = A 2n (g, 6) . Note that 

(qs)L = 2?+ + (O 2 (0) • 2b = 2g+ + 27r-^E n -b. 

The right-hand side coincides with the main (linear with respect to q, b) term in the first 
asymptotics (5.2). Repeating the proof of (3.8) (and Lemma A. 7), we obtain 



/ ,x o -i/2 ^ n o /* j fV V- (^,(^2„^ 2m )(-,%)) L 2 (M) 

2> 2 „M)-2<Z+ -2vr 1 ' 2 E n b) = 2 / ds J2 \ (tas) \ (fnx) 

=86 2 /v v pp^m^ dt . 

Since {^ n ) 2 {0) = 7i- 1 / 2 E n = n-^n + iy 1 / 2 + 0(n- 3 / 2 ), we have 

(^2n^2m) 2 (0,tq s ) _ (n+ 1) "5 (m+ 1) ~i + O (n~ 5m _1 + n~ l mr\ ) 
A 2 n(%)-A 2m (%) 4vr 2 (n-m) 



uniformly with respect to £ G [0,1]. Note that the double sum X] n >o Em^n 4(n-m) * s 
absolutely convergent and so is equal to 0. Hence, 

E, TN a I . 6 2 , v-^ (n+lW(m+lW 

n^O n=0 m=0,m^n 
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dy 



^ k +00 

7T 2 k^L k 2 ^ ^ /n+ ~^+l(„ + \ n,+ l\ IT 1 j {] j, J7T) (x~y) 
n=Om=k+l^— —{— —) V 



K 2 J J 1 X 2 -y 2 7T 2 J ^l-x X 7T 2 ^(2 S +1) 2 2' 

since log g = 2 , * G (0, 1] and £ s + ~ (2s + l)~ 2 = | ^ = I ' T = T ■ D 

Proof of Theorem 2.5. Define the meromorphic function 

f(\) - ^+(°' A ' g ) - ^+(°' A ' g ' S \ G r 
J[ ] w N (X,q,b) 1/ + (0,\,q)-bi, + (0,\,q)' 

By definition (2.8) of s 2n (q, b) , we have 

^+(0,A 2n (g,6),g) (_i)™ e -^ b ) 



res /(A) 



A=A 2n ( g ,fe) w N (X 2n (q,b),q,b) w N (X 2n (q,b), q,b) 

Note that 

<(o,A) 1 ^ (a-i)tt r(HA+i)) .... _ _ 1/2 „ 

Put |A| = 2A: — > 00 . Then, due to (A. 7), we have C\k~^ ^ |/o(A)| ^ C 2 k~^ for some 
absolute constants C\ , C 2 >0 . Lemma A. 2 gives 

■0+(O, A) i+ ^(0, A) J ' W)'(0,A) i+ W)'(0,A) + ^ J 

Note that (A.4) implies ^ 1} (0) = / + °°(^ y?°) and (^'(O) = - J +O °(^°)(t)q(t)dt , 

where we omit A and q for short. Since ^° (t) = V>° (0)tf°(t) + (>° )'(0)^°(t) , we have 

,1,(1) 

/(A) _ i + -jt(Q) + o(*-) _ 1 + bt(Xl . ng)»! . ofi -, 
M- 1 + ^ (0) . W)+O(n - 1 + 6/o(A)+ *!(»)«)« +0( * > 

Therefore, 

f(X) = f (X) + b.(f (X)) 2 + h(X,q) + O(k~l), where fe( A , g) = . 

Applying the Cauchy Theorem in the disc |A| ^2k to this function and passing to the limit 
as k^oo, we obtain 

5 (ffi - --n - » ■ g + 5 a •» • <-> 
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Note that 



res (foWf 



9o(X° 2 



2,1 ) 



where go (A) 



G?o(A°J) 3 ' " UVV /o(A) r 

On the other hand, the identity go^n+A^^O, (3)) = (3 gives 



dp 



/3=o ^o(AL) 



<?o(A 



1 

2n) 



res 



0=° (^O(A^)) 3 A=A° n 



(/o(A)) 2 



Due to Lemma 5.2, we have 



E -(/o(A)) 2 = E 



rf 2 /i2n(0,/5) 



n>0 



dp 2 



(3=0 



-1. 



(5.5) 



Furthermore, 



V res MA) = -Km/ /i(A)tZA = J- lim / ^H^f^ ^ ■ 
^ ^L 27ri fc^oo J[ A | =2fc 2mk^J w=2k («)') 2 (0,A) 



Using Lemma A. 2, asymptotics (A. 7) and the estimate p(t, A) ^ p(t, |A|), we obtain 

C 



h(X)d\ 



\\\=2k 



\q(t)\R k (t)dt , i? fc (t) 



k^p 2 (t,2k) J\x\=2k 



-2a(t,X) 



\dX\ , 



where C > is some absolute constant. Since a(t, X) ^0, we have Rk{t) = 0(k^/p 2 (t, 2k)) 
uniformly with respect to t and k. Therefore, (A. 11) yields the following estimate, which is 
uniform with respect to k: 



\q(t)\R k (t)dt = 0(k 



l/2\ 



\q(t)\dt 



0(k 1 ' 2 ).p(q,2k) = 0{\\q\ 



lo P 2 (t,2k) 

On the other hand, due to definitions (A. 5), for any fixed t>0 we have 



H 4 



R k (t) = 0(1) 



2?r 



-2cr(t,2fce^) 



d(f) — > , k — > oo , 



since e M*> 2fce ^) ^ 1 and a(t, 2ke i<t> ) ^+oo as k—>oo for any (be (0, 27r) . Hence, 

/■+oo 

/ |g(t)|.R fc (t)dt -> 0, A;^+oo. 
Jo 



This follows 



E A re A ? = • 

Substituting (5.5) and (5.6) into (5.4), we obtain (2.10). 



(5.6) 
□ 
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Proof of Theorem 2.4 (i). Note that Theorem 5.1 gives s 2n (q) = #2„+t ^ E n^+ £ i +s ( n )- 
Arguing in the same way as in the proof of Theorem 2.3 (i), we obtain 

E ^ n = p + 



n>0 



r(GW?)(C)i 










2 + 




2 + 



m>0 



A i A 



Recall that (&Hq)(z) = E mS o(9i m -«i,,+i) 2 "' • Th en, 



n>0 



+ ~n 
2n z 



-P 



c E 



m>0 



71" „ 

+ 2 P+ 



C-(a//?)(C) 



(5.7) 



Due to Theorem 5.1, we have 



E ^m^ = \ E ^fo ft)*™ + ^ E E ^ + W ( Z ) » LO E H 



T 2 



Note that Lemma 5.2 yields uj{l) = \b 2 . Since ^ m ^Q E m z m = (1 — ^)^ 1 / 2 , we have 

Ea, „, 1 v-^ , m n~ 1/2 b b 2 o 



m>0 



Due to the identity P+[ v /3 C/v / T 3 C ] = P+[ 1/v W ] = 1 , we obtain 

vr 1 /^ vrfe 2 



2 + 



c E &x 



m>0 



4 A 



c E/w^c] + V - ir p+[v/= ^ ] +a;2(z) ' 

(5.8) 



m>0 



where w 2 (z) = -f P + [v^C^(C)] G if§ +5 . 



We consider the second term in (5.7). Recall that (AHq)(l) — \ q(0) and 



7T 



(AHq)(C)-(AHq)(l) 



= (Pg)(z) = E^ neif 3/4 



n>0 



Since 1 /v^C = a/W/v/W, Ct^I , we have 

(AHq)(z)-(AHq)(l) = -VT^P. 



(Hq)(0 



i-C J 



Using the identity zP + [f{Q]{z) = P + [C/(C)](*) - P+[C/(C)](0) , we obtain 



2 + 



i-C 



v / W^ + L v / i z C 
C(^)(C)' 



(#?)(0 



= p^ 



(■((AHq)(0-(AHq)(l))]=P + 

i (p + [(1z0^(0] + P + W](0))] 
'i-C)(^)(C)_] + £ WJ + £W 



i-C 



(5.9) 



fc>0 



ra>l 
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Substituting (5.8) and (5.9) into (5.7), we get 



n>0 

where 



n>0 



8 



-c] -E^-i^+^w, 



n>0 



9ii = -E s *+^- 



7rV 2 6 



(5.10) 



Using Theorem 5.1 and the identity ^/~C — — f Sj^oo CV(^ — 1) > we obtain 

/W<?,&) g(o)-26 2 



S2niq) = q * + -T b+ V» = 2 E 2 (n-m)-l 



4(2ra-l) 



+ ^2n(g,&) , 



r2n(q,b)^-q+_ 1 +e 2 s +s (n). 



(5.11) 
□ 



In particular, {r 2n (q, 6)}^ =0 g£ 3 2 /4 , since {?+_i}£Lo e ^/4 ■ 

Proof of Theorem 2.4 (ii). As in the proof of Theorem 2.3, we prove that the mapping 
<E> is 1) injective; 2) analytic; 3) local isomorphism and 4) surjective, where 



H+x 



S N xRx I 



3/4- 



$ : (q; b) » ({/i 2n (g, fc)}~ ; q(0) - 2b 2 ; {r 2n (q, fc)}~ ) , 

1. Uniqueness Theorem. Suppose that 

({// 2n (p, a)}~ ,P(0) -2a 2 , {r 2 „(p, a)}~ ) = ({/i 2 „(g, 6)}~ , g(0) -2o 2 , {r 2n (q, 6)}^ =0 ) 

for some potentials p, g€H + and some real constants a, oeM. It follows 

A 2 „(p) = A 2 „(g) , s 2 „(p) = s 2 „(g) , n^O. 

Theorem 2.5 yields a — b. The rest of the proof repeats the proof of Theorem 2.3 with the 
function $(x, A, q) — bip(x, A, q) instead of ip(x, X,q). □ 

2. Analyticity of $ . Arguments, similar to the proof of (4.9), follow that the mappings 

q ~ (F N q ; AHq) ^ ({$+ }~ ; g(0) ; ) , 

H + <-> # 2 /4 x # 2 /4 <-> Kxlx £ 2 /4 , 
are linear isomorphisms. Also, it is clear that the mapping 



is a linear isomorphism between H x 1 and Ji x R. Furthermore, since is a linear 
combination of , n>0 , and 6 (see (5.10)), the mapping 
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is a linear isomorphism between R x £^ 4 and £|^ 4 . Combining these isomorphisms, we obtain 
that the linear operator 

*„:(?;&)-> ({2^ n +27r-^ n 6}- ; ? (0);{§ti}"=o) , $ o = H + x R <- H x R x £ 3 % 
and its inverse are bounded. Recall that Theorem 5.1 gives 

V2n(q, b) = 2q+ n + 2n-^ 2 E n b + l\ (n) , r 2n {q) = -q+_, + £f (n) . 

4 4 

In other words, if we put $ = $0+^1 , then $1 maps H + x R into the space xlx £| . 
Moreover, $1 is locally bounded. Using Lemma A. 4 by the same way as in Sect. 4, we obtain 
that $1 is analytic and hence <3> is analytic too. □ 

3. Local Isomorphism. The proof is similar to the case of Dirichlet boundary condition 
in Sect. 4. Due to Lemma A. 4, the following identities are fulfilled: 

dfi2n{q,b) 2( , ds 2n (q) 

dqit) = ^ g ' ' ' dq(t) = ^nX2n)(^g,fc), (5.12) 

where ip2n{', q, b) is n-th normalized eigenfunction of T& and X2n( - , q, b) is some special solution 
of Eq. (2.4) for A = \ 2n (q, b) such that {x2n+i , V^n+i} = 1 • In particular, {ip2nX2n)' e H+ . 
Also, 

dH2n{q,b) 2 5s 2n (g) / , w n 

77^ =^2n(°>9> 6 )> g & = (^2nX2n)(0,g,P) ■ (5.13) 

Note that for each q e H + , 6 G R, the Frechet derivative 

= $ + d(, ;6 )$i : H + xl^HxMx £y 4 

is a Fredholm operator since ^q 1 is bounded and d^.^&i maps H + x R into £\ +s xlx 
and so is compact as an operator from H + to t\ x R x if . Hence, it is sufficient to show 

4 4 

that 



HxRx q /4 = Rand {q . b) ty . (5.14) 
Using (5.12), (5.13) and Lemma A. 5 (ii), we get 



(2W>2n) (9,6), 77^ J + + ^2n(0,9,&) 77^ = 0, 

[ 2 W2n) fab), 77^ J + + V 2 n(0,g,&) 77^ = S nm 

Moreover, note that 



(rf M) (g(0)-26 2 ))(2(^ 2 J , (9,&)^2 2 n(0,g,&)) = 2(^J(0,q,b)-4b^ n (0,q,b) = 0, 
since T/> 2 n(0, *?, &)) = ^2n(0, 6) . Hence, definition (2.9) gives 

(d ( , ;6) $) (2(^ 2 2 J / (-, g, 6) ; V 2 2 n(0, q, &)) = (0 ; ; e n ) . 
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Therefore, 

{(0;0)} x £ 3 2 /4 C Rand tefe) $. 

We consider the lowest eigenvalue Xi(q) of the operator To (with the same potential q) and 
the function 

t(t) = W-b V >)<p)'(t,\ 1 (q),q). 
Note that £(0) = 1 , £ G H + and (£, ^L(?))+ = ■ Hence, 

(d (si6) $)(e;0) = (0;l;(d (s;fc) r)(e;0)) . 

This implies 

{0} xKx £ 3 2 /4 c Rand ((?;fe) $. 
Furthermore, using Lemma A. 5 (ii) again, we obtain 

(d(g;6)$) (-2(^2mX2m)'; -(^2mX2m)(0)) = (e m J 2 ; (d( q;b) r) (-2 (^2mX2m)' 5 ~ (^2mX2m) (0) )) . 

Since the set of finite sequences is dense in TCq , it yields 



H x R x £ 3 / 4 c Rand ((?)fe )$ . 

In conclusion, we consider an arbitrary function ( G H + such that f R+ ((t)dt 7^ . Due to 
asymptotics (2.7), we have 

(d W) $)((;0)^oxRxf 3 2 /4 . 

Hence, (5.14) holds true since the codimension of Hq in H is equal to 1. □ 
4. $ is surjective. The following Lemma is an analogue of Lemma 4.4: 
Lemma 5.3. Let q G H + , b G K , n > and i G K . Denote 

d 2 

ql n (x)=q(x)-2—logr ] t 2n (x,q,b), b l 2n = b+(l-e *) ^f n (0, g, 6) , 

tun ere 

vL( x ,<li b ) = 1 + (e*- 1 ) / il>l n {s,q,b)ds. 

J X 

Then q\ n G H and 

^2m(<?2n 5 ^2n) = ^2m(°, &) j s 2m(<?2n i ^2n) = s 2m(<?, &) + t5 nm 

forallm^O. Moreover, g^ n (0)-2(6 2 * n ) 2 = g(0)-26 2 . 

Remark. In this case definition (2.9) yields r 2m (<22 n , 6| n ) = r 2m (g, o)+t(W • 
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Proof. The crucial point is the changing of b , i.e. the changing of the boundary condition. 
It is known (see [PT], [MT], [CKK2]) that for each m^O the function 

4>2m{x) = ip2n{x,q,b) - (e* - 1) %y^-^T / ^2n{s , q, b)ip 2m {s , q , b)ds 

is a solution of the equation — tp" +x 2 ^ + q t 2n (x)tp = \ 2m (q, b)ip . Direct calculations show that 
the identities ip' 2m (0) = b 2n ^ 2m (x) holds true for all to ^0. Hence, \ 2m {q 2n , b 2n ) = ^2m(q,b) . 
The other equalities are similar to Lemma 4.4. □ 

The rest of the proof is the same as in Sect. 4. We consider an arbitrary spectral data 
(h*; u*; c*) E S D x R x £ 2 , 4 . Due to Theorem 2.2, there exists potential q* E H + such that 

V2n{q*) =/X2n(9*,0) = h* n , 71^0 , q* (0) = u* . 

Since $ is a local isomorphism and the set of finite sequences is dense in Tio , there exists a 
finite number of values to , t 2 , ■ ■ ■ , t 2k such that 

(h*;u*;(c* -t ,...,c* 2k -t 2k ,c* 2k+2 ,c* 2k+4 ,...)) = <S>(q k+1 ;b k+1 ) E $(H + x R) . 

Using Lemma 5.3 k+1 times step by step, we obtain potential qoEH + and constant fro^lR, 
such that \&(<7o ; M = (h*; u*; c*). The proof is finished. □ 



A Appendix 

Here we collect some technical results from [CKK2], [CKK1] which are essentially used above. 
A.l The unperturbed equation. It is well-known that for each AgC the equation 

-ip" + x 2 ip = Xijj . (A.l) 

has the solution (x, A) = Dx-i (y/2x) , where D^(x) is the Weber function (or the parabolic 

cylinder function, see [B]). Moreover, for each x the functions ip+(x, •) and (ip+y(x, •) are 
entire and the following asymptotics are fulfilled: 



i/>+(x, A) = (y/2x) (1 + 0{x~ 2 )) , x -> +00 , 

(i;° + y(x, A) = ~(V2x)*Pe-£ (l + 0(x~ 2 )) , x -> +00 , 
v2 

uniformly with respect to A on bounded domains. Note that (see [B]) 

<(0, A) = ^(0) = 2^r(I)r ( ^) = cos ■ § r(^) , 



(A.2) 



C0+)'(o, A) = ^(0) = 2 ^r ( -I)r ( i^) = S in^ ■ ^ r(^) . 



(A.3) 
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Let J°{x,t; A) be the solution of (A.l) such that J°(t,t; A) = 0, (J°)' x (t,t; A) = 1 . Note that 
J°(0, t; A) = V(*, A) , ( J°)L(0, f ; A) = A) . (A.4) 
In order to estimate ■?/>+ and J° , we introduce real- valued functions 

P {x,X) = l + \X\ l ' l2 + \x 2 -X\ l l\ 

Re A 

a(\)= 4 e ^ ImA , A=|A|e^, G [0, 2vr) , (A.5) 

a(x, A) = Re / \/y 2 — Xdy , x^O, 
Jo 

where \/y 2 — X = y+o(l) as y^+oo (note that it follows Re \Jy 2 — A ^ , if y^O). 
Lemma A.l. For a// (x, A) G R+ x IR + x C the following estimates are fulfilled: 

|^(x,A)KC a(A)-^^, |«)'(x,A)| ^C a(A)-p(x,A)e-^ A ), (A.6) 

|J°0M; A) | < -l^-e^'l , |(J°)L(x,t; A)| < ^^e^-^l , 
p(x,X)p{t,X) p{t,X) 

where Co, C\ are some absolute constants. 

Proof. See Lemmas 2.1 and 2.3 [CKK1]. Note that the proof is based on the result of [O]. □ 

Remark. If x = and |A| > 1, then 10 a(0, A) = and p(0, A) x |A| 1/4 . Identities (A.3) and 
routine calculations follow 

K(0,A)| x |Ar 1/4 a(A), if |A| = A;^4n+3, 

k,neN . (A.7) 

|(^+)'(0,A)| x |A| 1/4 a(A), if \X\ = k^4n+l, 

In other words, the estimates (A.6) of |t/>+(0, A)| and \ip' + (0, A)| are exact on these contours. 
A. 2 The perturbed equation. The solutions ip + , d , (p of the perturbed equation 

+ x 2 ip + q(x)if> = Xip, A G C , (A.8) 

can be constructed by iterations: 

r+oo 

^ + (x,A,g) = ^f(x,A,g), ip+ +1 \x, X,q) = - / J°(x, t; \)i/)+\t, A, q)q{t)dt , (A.9) 

^ 1)2 (x,A,g) = ^g(x,A,g), < 2 +1) (x, A, q) = f J°(x,t; A)0$(f, X,q)q(t)dt , (A.10) 
where we use the notations "di — d and ■$2 = < £> for short. 



10 Here and below / xg means that C\\f\ < |g| ^ C2I/I for some absolute constants C\,Ci > 0. 
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Introduce functions 



It is easy to see ([CKK2] Lemma 5.5) that 

(3(X,q)=(3 + (x,X,q)+f3 (x,X,q)=C 1 f 

Jo 



Po(x,X,q) = d 



x \q(t)\dt 



dt. 



\q{t)\dt 



0{\\\- 1,2 \\q\ 



H 4 



p 2 (t,A) 

Lemma A. 2. For all (x, A, q) G M + x C x H +c £/ie following estimates are fulfilled: 



(All) 



\^\x,X,q)\ ^Coa(X) 



p(x, A) n! 



, J = l,2. 



,. + |A| 1 /4)2j-3 p^A) n! 

In particular, series (A. 9), (A. 10) converge uniformly on bounded subsets o/IR + x C x H + c • 
Moreover, the similar estimates with p(x, A) instead of p ^ A ^ in right-hand sides hold true 



for the values \(ip±))'(x,\,q)\ and {(^^'(x, A, q) \ . 
Proof. See [CKK1] Lemma 3.1 and [CKK2] Lemmas 5.2, 5.3. 



□ 



Corollary A. 3. For all (A, q) G C x H + c , n, m^O and some absolute constant C>0 the 
following estimates are fulfilled: 



<9 m ^ n) (0,A,g) 



m\C 



n+m+l II ~ II n 



q\\^ + log m (|A|+2)-a(A) 



d m (ij^y(0,\,q) , m\C 



dX r 



n\ (|A| + 1)* + * 

" +r " +1 |Mln + log m (|A|+2)-a(A) 



(A.12) 



(|A| + 1) 



n_ 1 

2 4 



Proo/. Note that cr(0, A) = and p(0, A) x l + jA] 1 / 4 . Hence, Lemma A.2 and (A.ll) give 
(A.12) for m = . Recall that ^\o,X,q), (i>+^)'(0,\,q) are entire functions. Therefore, 
the integration over the contour X(<f) = A + log _1 (|A| + 2) , 0G [0, 2ir] , together with the 
simple estimate a(X(cj))) — 0(a(X)) follows (A.12) in the general case m>0. 



□ 



Let 



P+(x,q) 



1 



x 2 + l 



r+oo 


9(0 


1 X 


t 



dt. 



The following asymptotics as x^+oo are fulfilled uniformly on bounded subsets of C x H +c 
(see [CKK2] p. 139 and p. 169): 



V+(x,A,g) = (v / 2x)V e -¥(i+0(/3 + (x,g))), 
4>' + (x,X,q) = ~(y/2x)^e-^(l + O0 + (x,q))) . 



(A.13) 
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Moreover, if X+{ x -> \ q) is an arbitrary solution of (A. 8) such that k = {x+, 7^ , then 
X+ (x, A, q) = —(V^x^e^il+OiP+ix, q))) , 

h ^ 2 ( A - 14 ) 

xV(x, A, q) = --(V2x)^e^(l + 0((3 + (^ ?))) • 

Remark. If geH +c , then (A.13), (A.14) give (^+X+)'eH+ c (see [CKK2] p. 172). 
A. 3 Analyticity of spectral data and its gradients. 

Lemma A. 4. For each (g;6)GH + xM all spectral data X2 n +i{q), s 2 n+i{q), X 2n (q,b), s 2n (q,b) 
extend analytically to some complex ball {(p;a)eH +c x C : \\p — <?||h +c + \ a ~ b\ 2 < R 2 (q, b)}. 
Moreover, its gradients are given by 

d\ 2n +i(q) , 2 ( . n dX 2n (q,b) 2 

<9s 2 n+i(g) / , w, v ds 2n {q,b) 

gq ^ = (^2n+lX2n+l) (t, , g ^ = (^2nX2n) (t, 6) , 

where ip2n+i is the n-th normalized eigenfunction of To , i> 2n is the n-th normalized eigen- 
function ofT b , and 

u x #(t, X 2n+1 (q),q) ip' + 
X2n+i(t, q) = — — (0, X 2n+1 (q), q) ■ ip 2n +i(t, q) , 

r2n+ll U ' ty+ 

u h\ ( P(tA2n(q,b),q) i>+ ( ( s s f s 

X2n{t, q, b) = — — (0, X 2n {q, o),q)- ip 2n {t, q, b) . 

^2n{0,q,b) 



Furthermore, 



d\ 2n (q,b) 2 ds 2n (q,b) 

7^ =^2n(°>9> 6 )> = W2nX2n){0,q,b) 



Proof. The proof of the analyticity repeats the proof of [CKK2] Lemma 2.3 (p. 172). In 
order to calculate gradients note that standard arguments (see [CKK2] Lemma 5.6) give 

= ((pi/>+)(t,\,q), ^ = -(^ + ){t,X,q), t^O. 

Applying the implicit function Theorem to the equation i/)+(0, X 2n+ i(q), (?) =0 and using the 
identity f R ip+(t, A, q)dt — {ip + , ip + }(0, A, q), we obtain 



d\ 2n+1 (q) _ dr/, + (0)/dq(t) _ (<(*!>+) (t) _ W) W) 



Sg(0 dil> + (0)/d\ ^ + (0) ^+(0)^(0) ty + ,M(0) 
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(here and below we omit A = A 2n +i(<z) and q for short). Moreover, 
ds 2n+1 (q) _ d\ogW + (0 : \ 2n+1 (q) : q)\ _ (ity + )(t) - ^(0) • ^ 2n+1 (t) 



dq(t) dq(t) VUG) 

By the same way, the identity ijp' + — bip + )(0, X 2n {q, b), q) follows 
d\ 2n (q) _ dW + -H + ){b)/dq{t) _ ^ + hp)(t)Mt) _ ^%(t) 



= (^2n+lX2n+l)(i) • 



dq(t) dW + -ty+)(0)/d\ VUO) - W>+(0) V+(0)(^(0) - 6^+(0)) 

d\2n(q) = MO) = = ,2 (Q) 

db ^;(o)-^ + (o) {^ + ,<M(o) ^ 2rAJ ' 

Furthermore, 

<9s 2n (g) «91og|^ + (0, A 2n (g),g)| (W+)W + ^+(0) • ^ 2 2n {t) 



dq(t) dq(t) ~ V+(0) 

ds 2n (g) _ 91og|^ + (0,A 2n (g),g)| _ ^+(0) • ^ 2 2 n (0) 



= (>2nX2n)(0) , 



db db v+(o) 

where we omit A = A 2n (g, o) and q for short. □ 
Lemma A. 5. (i) For each q e H + and n, m^O £/ie following identities are fulfilled: 

((^2n+l)'^L+l) + = 0, ((^2n+lX2n+l)',-0L+l) + = ~\ S mn , 

((^2n+l)^2m+lX2m+l) + = | <W , ((^2n+lX2n+l)', ^2m+lX2m+l) + = 0. 

(m,) For eac/i g G H + , oGM and n,m^0 £/ie following identities are fulfilled: 

{^L)'^L) + = ~\ (^2 2 m )(0), ((^2„X2n) , ,^L) + = \ (Sum- (^2mX2m) (0) ) , 

((Vln)' ^2mX2m) + =|(5nm-(^ 2n ^2mX2m)(0)), ((^2nX2n)' ^2mX2m) + = ~\ (*p2nX2n*p2mX2m) (0) . 

Remark. This Lemma is similar to [CKK2] Lemma 2.6 (see also [PT] p. 44-45). 
Proof, (i) For instance, we prove the third identity. Integration by parts gives 

Inm = [ W>2n+l)'(*> q){lp2m+lX2m+l){t, q)dt = - / {^2m+lX2m+l , (^2n+l)}(^ 

Jr + ^ Jr + 

= ~ [ (X2m+l1p2n+l{il2m+l , ^2n+l} + ^2m+l ^2n+l fem+l , ^2n+l})(t, o)dt . 
^ </]R + 

For n 7^ m it follows 

({^2m+l , ^2n+l}{X2m+l , $2n+l})'(9» *) 



2(A 2m+ i(g)-A 2n+ i(g)) 
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dt = 0. 



If n = m , then we have {ip 2m+ i , ^2n+i } = and {x2m+i , ^2n+i } = 1 • Therefore, 



(A.15) 



1 f 1 

4n = 2 / ^L+i(^Q) dt = 2 • 

The proof of others identities and the proof of (ii) is similar. □ 
A. 4 The leading terms of asymptotics of ip+(0, A) and ^+(0, A). Let 

« n = V+(0,A°), < = «)'(0,A°), k n = i>° + (0,\° n ) and so on. 
Note that (A.3) yields 

n 2n x |A° n |-V4 . a(A °J , 4n = , ^ n x | A oj V4 . a(A oj s 

^2n+l = , «2n+l X l^2n+l| 1/4 ' a (^2n+l) > «2ra+l x I A^+i | _1,/4 ' a(A 2n+1 ) , 

and 

- 3b. = o^- 1 ) , ^ - % + — = Oin- 1 ) , 

n 2n 2k 2n /t 2n K 2n 16 

•■/ /•/ A2 2 rwoo. (A.16) 

k' ?k -v\n ), \ 2 + lfi - u i" )i 

ft 2n+l z ^2n+l ft 2n+l l ft 2n+lJ iu 

Lemma A. 6. (i) Let ip^ = ip+\o, A 2n , q) , ip+^ = ip+\o, A 2n , q) and so on. The following 
identities and asymptotics are fulfilled for some absolute constant 5>0: 

^ = -K 2n ■ q+n , ^ = M-fe *tn + i + *f +») , 

(^Y = -2k' 2n ■ q+n , (W)' = -^2n{± *in + \ + «L») , 



(^ 2) )' = -2k' 2n (-qtJt n + q +s (n)) , V? = M| {tin? ~ i (fen) 2 + ■ 

Lei = V ; +' ) (0, A 2ra+1 , g) , V>+^ = V>+^(0, A 2n+1 , g) and so on. The following identities 
and asymptotics are fulfilled for some absolute constant 5>0: 

^ = -2k 2n+1 qt n+1 , ^^-SiWi^^ + l^+^J^n)), 

(V^)' = -4n + l • fen+l , (^) =4n + l(-fe fe n+1 + £ fe n+1 + ^ (n)) , 

^f = -2^ +1 (-g 2 + n+1 fe„ +1 +^| +5 (n)), (^)' = /^i(^(?W J -?(9V+«>))- 
Proo/. See [CKK2] Lemmas 5.11, 5.12 and [CKK2] Theorem 6.4. □ 
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A. 5 The convergence of one double sum. Here we prove technical 
Lemma A. 7. Letq,peH. Then 

S k = } y — ^ as k — >oo. 

m — n 

n=0 m=k+l 

Proof. Using Lemma A. 2, Corollary A. 3 and asymptotics (A. 7), we obtain 

iP n = 0(p-\x, A°)) , i/; n (x,p) = ^ n {x) + 0(n"i logn • p-\x, A°)) . 

Note that 
Let 

k fc+fc 3 / 4 fc +oo 

S *=E E +E E -sf+sf. 

n=0 m=fc+l n=0 m=fc+fc 3 / 4 

We have 

k fc+fc 3 / 4 fc 

^=0(^)^0(^5) -^ = 0(k^)J2°( n 'kk-n)- 1 ) = 0{k-hogk), 

n=0 m=k+l n=0 

i.e. sjp =o(l) as k^oo. We estimate S^ 2 " 1 . Let e>0 be sufficiently small. If m^n, then 
(g, (tt)(p))y(R) = {q, (ip° n ip° m )) 2 L2{m) + 0(logn • n _1 m"5) 

= (|"?(i)^(^:WA) 2 + 0(«-rfm4) 



since 



(/ r, ffwf vn )^ / (l«| S/2 + l)l?(0l 2 dt-O(n-'m-') = O(n-i-*m-i). 
It is easy to see (see e.g. [CKK2] Lemma 6.7) that 

1>° n (t) = v 7 ^ • (A^)-i cos(>/A° • t - f ) + 0(n"f +3£ ) , \t\ ^ . 
If m^n+n 3 / 4 , then v^Mn - n ^ ■ Integration by parts and q' eL 2 (R) follow 

/ n q{t)^ n {t)^ m {t)dt = 0(n-%-i) • / " \q\t)\dt + 0(n-i +3£ m^) = 0(^ + im^) 

Summarizing, we obtain (q, (^ n ^ m ){p))\ 2 ^ = 0{n~^~im~^) , if m^n+n 3 / 4 . Therefore, 

k +00 „/ _I\ fc +00 „/ _ls 

s® = y y ° {n 2 2m ^yo(n-H) y 2 ) 

* m _ n *-*L ^ m-n 

n=0 m= fc + fc3/4 n=0 m=fc+l 

Note that Ei=oO(n-4-S) = 0(fci"5) and +1 ^fe^ = 0(logA; • fc-*) . Hence, S< 2 > = 

o(l) as k^oo . We are done. □ 
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